We show that a pair of overlapping Majorana bound states (MBSs) forming a partially-separated Andreev bound state (ps-ABS) represents a generic low-energy feature in spin-orbit coupled semiconductor-superconductor (SM-SC) hybrid nanowire in the presence of a Zeeman field. In a finite nanowire the ps-ABS interpolates continuously between the "garden variety" ABS, which consists of two MBSs sitting on top of each other, and the topologically protected Majorana zero modes (MZMs), which are separated by a distance given by the length of the wire. The really problematic ps-ABSs consist of component MBSs separated by a distance of the order of the characteristic Majorana decay length ξ, and have nearly zero energy in a significant range of control parameters, such as the Zeeman field and chemical potential, within the topologically trivial phase. Despite being topologically trivial, such ps-ABSs can generate signatures identical to MZMs in local charge tunneling experiments. In particular, the height of the zero bias conductance peak (ZBCP) generated by ps-ABSs has the quantized value, 2e
I. INTRODUCTION
Topological superconductors are characterized by a gap in the bulk excitation spectrum and gapless excitations, called Majorana modes, on the boundary.
1-5 The zero energy Majorana modes, or Majorana zero modes (MZMs), localized near topological defects or the edges of one-dimensional systems are predicted to have nonAbelian exchange statistics and have been proposed as building blocks for topological qubits. While MZMs have not yet been conclusively observed in experiments, they have been theoretically shown to exist in low-dimensional spinless p-wave superconductors, 1,2 in topological insulators with proximity induced superconductivity, 6 and more recently in low-dimensional spin-orbitcoupled semiconductor-superconductor (SM-SC) heterostructures in the presence of a Zeeman field.
7-13
The SM-SC heterostructure, 7-13 which involves a lowdimensional semiconductor with spin-orbit coupling in proximity to an s-wave superconductor in the presence of an applied Zeeman field, has motivated tremendous experimental efforts in the last few years. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] It was shown theoretically that the applied Zeeman field Γ drives the SM-SC heterostructure through a topological quantum phase transition (TQPT) at a critical Zeeman field Γ = Γ c to a topologically non-trivial superconducting phase with a zero-energy MZM localized at each end of the wire. While for Γ < Γ c the system is topologically trivial and characterized (in principle) by a finite quasiparticle gap, for Γ > Γ c , i.e. in the topologically non-trivial phase, the edge-localized MZMs are expected to be observable in local charge tunneling experiments at the ends of the wire as a quantized zero bias conductance peak (ZBCP) with a peak height (at zero temperature) of 2e 2 /h. [26] [27] [28] [29] In the past few years several observations of robust ZBCPs consistent with the presence of MZMs in quasi-one-dimensional SM-SC heterosructures in the presence of a Zeeman field have been reported in the literature [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] [25] . Recently, the fabrication of high-quality semiconductor wire -epitaxial superconductor structures has allowed the measurement of charging effects in the Coulomb blockade regime 20 . Measurements of the zero-bias conductance in charge tunneling with normal leads attached at each end of the wire (the so-called teleportation signal 30 ), suggest a suppression of the lowest mode energy splitting with increasing wire length, which was cited as evidence for the exponential topological protection of MZMs 20, 31 . More recently, a quantized conductance peak of height 2e
2 /h was found in InSb nanowires covered with superconducting Al. The quantization of the peak height was found to be robust to variations in the external parameters, such as the Zeeman field and the height of the tunnel barrier.
It was shown earlier that trivial low-energy sub-gap states can emerge rather generically in semiconductorsuperconductor hybrid systems in the presence of disorder [32] [33] [34] [35] [36] [37] , non-uniform system parameters [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] , weak antilocalizaton 48 , or coupling to a quantum dot 49, 50 . In many situations these low-energy states are found to generate ZBCPs that are not quantized at 2e
2 /h and/or are not robust against variations of control parameters such as magnetic field, chemical potential, and tunnel barrier height. One may be tempted to assume that this property of the trivial low-energy states is generic and that, consequently, one can distinguish them from topologically-protected MZMs, which generate similar signatures in a tunneling conductance measurement but produce quantized ZBCPs that are robust to variations in the local parameters. For instance, in a recent theoretical work, 50 where the experiment of Ref. [21] was modelled as a proximitized nanowire coupled to a metallic lead via a quantum dot (junction composed of lead and quantum dot-nanowire-superconductor heterostructure with the quantum dot subject to a confining potential 21, 49, 50 ), it was claimed that the ZBCP due to ABS in the topologically trivial phase is not stable and oscillates (or splits) as a function of the dot potential, and this property can be used to distinguish between low energy ABSs in the topologically trivial phase and MZMs in the topologically non-trivial phase, which are robust to such local variation in the dot potential. However, as pointed out recently 51 and demonstrated in detail in this paper, this is not generically the case, since there are situations involving partially separated ABSs (ps-ABS) where one cannot distinguish between trivial low-energy modes and MZMs using any type of local measurement at the end of the wire. This includes the property that the height of the ZBCPs generated by both MZMs and ps-ABSs are quantized (to the value 2e 2 /h) over an extended range of parameters. We note that, while the emergence of trivial low-energy sub-gap states has been investigated in the literature, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] 49, 50 the introduction of the notion of psABSs as generic robust low-energy features in SM-SC heterostructures with non-uniform system parameters [e.g., quantum dot-nanowire-superconductor heterostructures (Sec. III) and systems with long length scale potential inhomogeneity (Sec. IV)] and the demonstration that such modes can produce quantized ZBCPs in local tunneling experiments over an extended range of parameters, virtually identical to the corresponding signatures of topological MZMs, are new contributions of this work that were not anticipated before.
To gain further insight into the possible types of behavior exhibited by the trivial low-energy ABSs, we represent such a state as a pair of Majorana bound states (MBSs), each of which can be represented by a second quantized operator satisfying the Majorana condition γ † = γ. Such a construction (Eq. 2 and Eq. 3 below) can obviously be done for any eigenstate of the Bogoliubov-de Gennes (BdG) Hamiltonian, but in this paper we are interested only in the low energy states that appear in the sub-gap energy range in SM-SC heterostructures at finite values of the Zeeman field. As we show below, the ps-ABS is a convenient concept that interpolates continuously between the "garden variety" ABS, which consists of two MBSs sitting "on top of" each other, and the topologically protected pair of MZMs, which are separated by a distance given by the length of the wire (L). Such an interpretation of an ABS in the crossover regime between small and large overlap of component MBSs was used earlier 52 , and argued to produce non-universal behavior in tunneling experiments 53 , but their importance for interpreting the existing ZBCP data in SM-SC heterostructures in the presence of Zeeman field was not discussed.
The really problematic ps-ABSs consists of MBSs separated by a distance of the order of the characteristic Majorana length-scale (ξ) or larger (but less than the length of the wire), in which case the near zero energy of such a state can be robust to changes in a multitude of experimental parameters, e.g., Zeeman field, chemical potential, barrier height, induced pair potential, and, when a quantum dot is present, 21,49,50 the dot potential. When one of the constituent MBSs of such a ps-ABS is located at the end of the wire, it generates experimental signatures in charge tunneling measurements (e.g., local charge tunneling into one end of the wire, resonant charge tunneling between the two ends in the Coulomb blockade regime 20 ) that are identical to those produced by a "true" MZM which is separated from the other MZM by the length of the wire. Furthermore, the height of the ZBCP generated by such a ps-ABS has the quantized value, 2e
2 /h, while the peak itself is robust to an extended range of Zeeman field, chemical potential, and other experimental parameters despite being topologically trivial (i.e., appearing in the topologically trivial phase for Γ < Γ c ).
We will explicitly show below that ps-ABSs -irrespective of whether they are produced in a lead-quantum dot-nanowire-superconductor set up 21, 49, 50 or proximitized nanowire with long-length-scale potential inhomogeneity -cannot be distinguished from topological MZMs by any local measurements (e.g., one-terminal charge or spin tunneling measurements). On the other hand, experiments involving quasiparticle interference, fusion, or braiding (which should be able to discriminate between trivial ps-ABSs and topological MZMs) are expected to be technically difficult. [54] [55] [56] [57] Interpreting the results of such an experiment without knowing whether or not the system harbors ps-ABSs or just a single pair of MZMs localized at the opposite ends of the wire would be a complicated task. Therefore, before conducting such an experiment, it may be crucial to perform simpler tests that are sensitive to the presence of ps-ABSs, and are able to distinguish between robust ZBCP signatures from the topologically trivial and non-trivial regimes. We will show below that the most straightforward such test, one which may be well within the capabilities of current experiments, is a two-terminal charge tunneling measure-ment. Such an experiment involving tunneling into the two ends of the wire was proposed before, 58 but its ability to discriminate between topological MZMs and trivial low-energy states was not discussed explicitly. Such a discussion is particularly important in the new context of ps-ABSs, which are generic robust low energy features in non-uniform SM-SC heterostructures that cannot be distinguished from topological MZMs by any local measurement. Here, we show explicitly (using model calculations) that such as experiment can, in fact, discriminate between ps-ABSs and topological MZMs. Since the absence of non-uniformities (e.g., unintentional quantum dots) in proximitized wires has not been demonstrated experimentally (which leaves open the possibility of actually having observed ps-ABSs, rather than MZMs), our results reinforce the urgency of performing the two-terminal measurement, the most straightforward non-local measurement involving a type of experimental set-up that is currently accessible.
The two-terminal charge tunneling experiment involves collecting two sets of data: the first set records the differential conductance at the left end of the wire by applying a bias potential to the left lead, the superconductor being grounded, and the right lead being isolated; the second set, on the other hand, collects the differential conductance at the right end by applying a bias potential to the right lead, the superconductor being grounded and the left lead being isolated. The tunneling potentials as well as all other gate potentials are kept fixed throughout the measurement of both sets of experimental data. We will show in this paper that comparing the left and the right lead differential conductances, (dI/dV ) L and (dI/dV ) R , provides essential information about the origin of the ZBCPs, being able to distinguish between psABSs and topological MZMs from the topologically trivial and non-trivial phases, respectively. While the MZMs in the topological superconducting phase (Γ > Γ c ) will be characterized by correlated differential conduction spectra in both terminals, including correlations in energy splittings and critical Zeeman fields associated with the emergence of ZBCPs, such correlations will be absent if the ZBCPs are due to ps-ABSs in the topologically trivial phase (Γ < Γ c ).
The rest of the paper is organized as follows: In Sec. II we define the concept of ps-ABS using BdG Hamiltonian and low energy eigenstates. In Sec. III and Sec. IV we illustrate the emergence of low energy robust ps-ABSs in the topologically trivial regime in leadquantum dot-nanowire-superconductor heterostructures and promitized nanowire with long length scale potential variations, respectively. In Sec. V we show that measurements of ZBCP from one end of the wire or even two-terminal sub-gap resonant charge tunneling in the presence of Coulomb blockade are unable to distinguish between ps-ABS and MZMs, as they produce nearly identical signatures. In Sec. VI we show that, in the absence of an interferometric experiment, a two-terminal set-up measuring the presence or absence of correlations in the tunneling spectra from the two ends should be able to reliably discriminate between ps-ABSs and topological MZMs. We end with a summary and several conclusions in Sec. VII.
II. PARTIALLY SEPARATED ANDREEV BOUND STATES
To define the ps-ABS more precisely, let us start with the Bogoliubov-de Gennes (BdG) Hamiltonian of the proximitized semiconductor coupled to a superconductor as given by,
where the lattice sites i correspond to N y parallel chains oriented along the x-direction, τ x and τ y are 2 × 2 Pauli matrices acting in the spin space, σ and σ are spin indices, t x and t y are hopping matrix elements, δ x and δ y are nearest neighbor vectors, µ is the chemical potential, Γ the Zeeman field, α and α y the longitudinal and transverse Rashba coeficients, respectively, and ∆ ind is the pair potential in the semiconductor proximity induced from a host superconductor. In this paper we take N y = 1, the case of a single chain, leading to t y = α y = 0. In Sec. III, while discussing the quantum dot-nanowire-SC heterostructure, we take ∆ ind to be non zero and uniform only in the part of the SM wire covered by the SC and zero outside, see Fig. I . In Sec. IV, while discussing the effect of long length scale variations, we supplement the Hamiltonian in Eq. I by a position dependent potential function V c (i) (see Eq. 6). Consider a low-energy solution of the effective BdG Hamiltonian H 0 corresponding to a positive energy ∆ ind . Using the spinor repre-
T , where i labels the position along the wire, one can write the wave function of the low-energy state in the form
T . Particle-hole symmetry ensures that there will also be a negative-energy solution of the BdG equation described by the wave function φ
T . Using these solutions, we construct the linear combinations
These states have a spinor structure of the form χ α In this paper we model the quantum dot as a potential step, while Refs. [49, 50] model the quantum dot as a potential valley. Which one of the profiles V1(x) or V2(x) better represents the potential characterizing the quantum dot in the quantum dot-nanowire-superconductor hybrid devices realized in the laboratory depends on the specific materials, the work function difference between the semiconductor and the superconductor, and on the voltage applied under the dot region.
manifestly satisfies the Majorana condition, γ † α = γ α . Hence, given the low-energy BdG states φ and φ − , one can uniquely define the modes χ A and χ B corresponding to the Majorana operators γ A and γ B . Note, however, that these Majorana modes are not exact eigenstates of the BdG Hamiltonian. More specifically, we have
Also, the construction described above can be done for any eigenvalue of the BdG Hamiltonian. Nonetheless, it has special significance for the low-energy sub-gap states, which are typically localized. The spatial profiles of the Majorana bound states constructed above provide extremely useful information concerning the robustness of the low-energy mode φ with respect to variations of the control parameters. More specifically, strong overlap (i.e., spatial separations between χ A and χ B smaller than the characteristic length scale ξ) implies that is extremely sensitive to variations of the control parameters (e.g., Zeeman field) and, consequently, the low-energy mode φ will not "stick" to zero energy. By contrast, well separated MBSs (i.e., a separation between χ A and χ B of the order of ξ or larger) will result in a robust low-energy mode since the overlap in Eq. 5 is small "by construction", regardless of the specific parameter values. In addition, these spatial profiles can provide information about the signature of the low-energy mode φ in a local measurement. If the couplings between the probe and the modes χ A and χ B are comparable, the signature will correspond to a standard ABS. If, on the other hand, the MBSs are well separated (the separation between them being ∼ ξ or larger) and the probe couples strongly to one of them and (exponentially) weakly to the other, the corresponding signatures will be indistinguishable from that of a "true" MZM.
Based on these general considerations, we distinguish three classes of low-energy modes that can emerge in semiconductor-superconductor hybrid systems. First, we have the "standard" ABSs, which are low-energy modes that correspond to strongly overlapping MBSs. In this case, the separation between χ A and χ B is smaller than their characteristic length scale ξ. Second, we have the "true" Majorana zero modes. In this case, χ A and χ B are localized at the opposite ends of the wire and φ represents the wave function of the (non-local) fermionic mode ψ † = (γ A + iγ B )/2 corresponding to the pair of MZMs. Finally, we have the ps-ABSs, which are characterized by component MBSs (i.e., χ A and χ B ) separated by distances comparable with or larger than ξ, but less than the length of the wire. The ps-ABSs interpolate continuously between the first two classes and cannot be distinguished locally from true MZMs separated by the entire length of the wire. In fact, they may also be viewed as MZMs realized in a certain segment of the wire that hosts a local "topological" SC phase, while the rest of the wire is topologically trivial. Here, the term "topological" is, of course, defined operationally in the context of a finite system -the finite segment of the wire. Such operationally defined local "topological" region with zero energy modes in the topologically trivial phase was found earlier in studies of the energy spectrum of a vortex core in a two-dimensional SM-SC heterostructure with Rashba spin-orbit coupling and Zeeman field proximity induced from a ferromagnetic insulator. 59 It is important to reiterate, however, that the ps-ABSs occur in the topologically trivial phase, before the topological quantum phase transition indicated by the minimum of the bulk gap, and cannot be used for experimental tests of non-Abelian statistics and topological quantum computation. We also emphasize that viewing the ps-ABS as a pair of MZMs at the ends of a "topological segment" (i.e., a finite region satisfying locally the so-called topological condition 7-13 Γ 2 > µ 2 + ∆ 2 ind ) could be, strictly speaking, incorrect. More specifically, let us consider a long wire with a non-uniform electrochemical potential characterized by a constant slope s = dV ef f /dx. Applying a Zeeman field Γ 2 = (s ) 2 + ∆ 2 ind would satisfy the topological condition in a segment of length 2 . However, the system has an intrinsic finite length L s = ∆/s. As a result, the bulk gap never closes (regardless of the wire length) and the inhomogeneous system is always topologically trivial. Consequently, describing a segment of a wire characterized by an effective potential with finite slope as being in a local "topological" phase is rather ambiguous. In addition, from a more practical point of view, there is a significant difference between the energy splitting of the MZMs in a finite topological wire and the energy splitting of a ps-ABS. More specifically, the energy splitting characterizing a typical ps-ABS (see, for instance, the ps-ABS modes (IV) and (V) in Fig. 2 and Fig. 4 ) is much smaller than the splitting of MZMs in a finite wire satisfying the topological condition and with length equal to the separation between the partially overlapping MBSs representing the ps-ABS.
III. PARTIALLY SEPARATED ABS IN SM-SC HETEROSTRUCTURE COUPLED TO A QUANTUM DOT
To illustrate the concepts discussed above, let us first focus on a hybrid system consisting of a proximitized nanowire coupled to a quantum dot 21, 49, 50 . The structure is represented schematically in Fig. 1 , together with the corresponding spatial profiles of the induced pairing and effective potential. We note that typically the quantum dot is modeled as a potential valley, 49, 50 similar to the profile V 1 (x) in Fig. 1(B) . However, modeling it as a potential step (see Fig. 1(C) ) represents another realistic possibility. Which one of the profiles V 1 (x) or V 2 (x) is a better approximation of the potential characterizing hybrid devices realized in the laboratory depends on the specific materials, in particular the work function difference between the semiconductor and the superconductor, and on the voltage applied to the back gate under the dot region. We find that the assumption of a potential step in the dot region ( Fig. 1(C) ) facilitates the creation of ps-ABSs, as one of the constituent MBSs of a low energy ABS induced by the quantum dot can spatially separate to the part of the SM wire in contact with the SC. By contrast, if the potential in the quantum dot is modeled as a valley ( Fig. 1(B) ), the constituent MBSs are constrained to live inside the quantum dot as a result of the confining repulsive potential in the part of the SM wire in contact with the superconductor.
Next, we assume that the chemical potential, which is measured relative to the bottom of the highest energy occupied band, is tuned (using back gates) close to the value of the effective potential in the dot region, as shown in Fig. 1 , while an external Zeeman field is applied along the wire. The dependence of the low-energy spectra on the applied field for three different parameter configurations are shown in Fig. 2 . First, we note that the system undergoes a topological quantum phase transition at a critical field of about 1 meV, as signaled by the minimun in the bulk spectrum. Of course, the bulk gap remains finite at the "transition" as a result of finite size effects. V 2 ; a=500 Above the critical field, the system is in a topological SC phase and a "true" Majorana zero mode emerges at each end as a mid-gap state. Again, the small but finite energy splitting, which is evident in the lower panel, is the result of finite size effects. Second, we note that a low-energy mode is present even in the trivial regime, i.e., below the "critical" field for the topological transition signaled by the bulk gap minimum. In the upper panel of Fig. 2 , the trivial low-energy mode produces a zero-energy crossing indicative of a "standard" ABS. When measured experimentally, such a mode produces a ZBCP that can be easily distinguished from the ZBCP generated by a MZM. However, tuning the system parameters (e.g., the spinorbit coupling) may result is a situation when the ABSs appear to coalesce at zero-energy, as shown in the middle panel of Fig. 2 . The spectroscopic signature of this lowenergy mode can still be distinguished from the signature of a MZM if one has experimental access to a wide range of Zeeman fields that extends above the critical field. If, on the other hand, the SC bulk gap collapses before the
Mode III (ABS) "phase transition", identifying the ZBCP generated by this mode as a signature of a trivial low-energy state may be more difficult. In particular, it is necessary to perform consistency tests to check the robustness of the ZBCP (including its quantization at low temperature) to variations of the controllable experimental parameters. While the trivial low-energy mode shown in the middle panel of Fig. 2 is a bad impersonator of a MZM, the scenario illustrated in the lower panel should raise serious concerns regarding the interpretation of the tunneling conductance data [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] [25] . In this case, the trivial lowenergy mode sticks to zero over a wide range of Zeeman fields and is equally robust against the variations of other controllable parameters. In fact, it is virtually impossible to differentiate this mode from a "true" MZM using local measurements at the end of the wire containing the quantum dot.
To gain more physical intuition, we "decompose" the low-energy modes into the constituent MBSs χ A and χ B as discussed above (see Eq. 2 and Eq. 3), and analyze their spatial profiles. Consider first the Majorana mode (I) corresponding to a value of the Zeeman field Γ = 1.2 meV (see Fig. 2, top panel) . As shown in Fig. 3 (top panel), the two MZMs χ A and χ B are localized at the opposite ends of the wire and have an exponentially small overlap. Note that the MZM localized near the left end of the wire penetrates into the quantum dot, i.e., the normal section of the wire. Fig. 1 and Fig. 2. χ B , respectively, depends on an overall phase difference between φ and φ − . Introducing an additional π phase difference (i.e. a minus sign in one of the wave functions) will switch the positions of χ A and χ B . The ABS modes (II) and (III) (see Figs. 2 and 3) ) consist of MBSs that are practically on top of each other. When probing these modes from the left end of the wire one practically couples to both MBSs with similar coupling strengths and the resulting zero bias conductance peaks are (generally) not quantized. An accidental quantization of the ZBCP can be identified by varying the control parameters, e.g., the tunnel barrier height.
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The situation is completely different in the case of the trivial low-energy modes (IV) and (V) (see the lower panel of Fig. 2 ) characterizing the system with a step-like effective potential (V 2 ). The spatial profiles of the corresponding MBSs are shown in Fig. 4 . These modes are proper ps-ABSs, as the constituent MBSs are separated by a distance comparable to their length scale (which is of the order ξ ∼ 0.3 µm). In a charge tunneling experiment that probes the left end of the system, the lead will only effectively couple to χ A , i.e. the yellow/light gray Majorana, while the coupling to the second (red/gray) Majorana will be exponentially small. As a result, the signatures of the trivial low-energy modes (IV) and (V) will be indistinguishable from those of the "true" MZM (VI), since the corresponding yellow Majoranas (χ A ) look qualitatively the same at the left end of the wire, while their red counterparts (χ B ) are practically "invisible" to any local probe.
We conclude that the theoretical description of the low-energy modes that occur in semiconductorsuperconductor structures in terms of partially separated Andreev bound states represents a powerful tool that allows us to make a direct connection with the spectroscopic features observed experimentally. Using this tool, we are able to make a distinction between bad impersonators of MZMs, which are standard, fine tunned ABSs such as mode (III) described above, and truly worrisome trivial low-energy modes, which are ps-ABSs similar to modes (IV) and (V).
IV. PARTIALLY SEPARATED ABS WITH LONG LENGTH SCALE POTENTIAL INHOMOGENEITY
Next, we consider a quasi-one-dimensional SM-SC heterostructure with a long length scale potential inhomogeneity in the proximitized nanowire. Such inhomogeneity may arise from the difference in the work functions between the superconductor and the semiconductor, as well as due to the multiple potential gates used in the device (Fig. 5) . The long length scale potential inhomogeneities are expected to survive the effects of electron-electron interactions and screening, at least for low occupancy (1-3 occupied bands).
61
In non-homogeneous SM-SC hybrid structures short length scale potential inhomogeneities can generically give rise to zero energy localized Andreev bound states (ABS).
62 While Ref. [62] considered purely local potentials and found zero energy Andreev resonances only in the topological phase (Γ > Γ c ), we find such resonances for short length scale potentials on both sides of the transition, independent of whether the system is topological or trivial. While for a short length scale inhomogeneity the zero energy resonances are unstable to changes in the Zeeman field (and require fine tuning), for longer length scale potentials they cross over to sub-gap zero energy resonances that are surprisingly robust to perturbations (Fig. 6) , even if the system is topologically trivial. As in the case considered in the last section, for long length scale potential inhomogeneities inside the proximitized nanowire, it is virtually impossible to distinguish the zero energy robust but trivial ABSs (which are again ps-ABSs, see Fig. 7 ) from spatially well-separated MZMs localized near the ends in the topological phase using any local measurements.
The low-energy physics of the SM-SC heterostructure in the presence of potential inhomogeneity is investigated using a BdG Hamiltonian of the form,
where the inhomogeneous background potential is described by the position-dependent function V c (i). Typical potential profiles used in the calculation are shown in Fig. 6 (A) . The low-energy spectrum is obtained by numerically diagonalizing the BdG Hamiltonian. In addition, in the next section, we calculate the tunneling differential conductance in the single-lead and two-lead configurations. Note that in the single-lead configuration the current I is extracted through the SC, while in the two-lead setup the SC is either grounded or isolated, the last case corresponding to Fig. 5 . The emergence of potential-induced low-energy modes in the topologically-trivial regime is illustrated in Fig. 6 . First, we consider a short-range potential corresponding to the red (dark gray) curve in Fig. 6 (A) . The potential induces an Andreev bound state that crosses zero energy in the topologically trivial regime, as shown in panel (B). Next, we consider the potential corresponding to the blue (gray) curve in Fig. 6 (A) . In this case, upon increasing the Zeeman field, four low-energy states (a pair of weakly overlapping MBSs at each end) emerge while the system is still in the topologically-trivial regime, as shown in panel (C).
The partially-overlapping MBSs responsible for the low-energy modes discussed above are shown in Fig. 7 . The ABS induced by the localized potential (see Fig. 6B ) corresponds to two strongly overlapping MBSs, as shown in panel 7A. Increasing the width of the potential results in a larger spatial separation between the two MBSs χ A and χ B . In addition, another pair of low-energy overlapping MBSs emerges (see panel 7B). The overlapping pairs of MBSs (with separation less than the characteristic Majorana decay length ξ) in panels A and B can be easily distinguished from topological MZMs (with separation between χ A and χ B ∼ L) by examining the stability of the corresponding ZBCPs to various perturbations. However, the low-energy bound states populating the yellow (light gray) topologically trivial regime (Γ < Γ c ) in Fig.  6C are the four weakly overlapping MBSs (a ps-ABS at each end) shown in panel 7C.
As before, we conclude that while the trivial lowenergy modes shown in Figs. 7A and 7B ) cannot be confused with MZMs because the corresponding ZBCPs will be quickly split by the Zeeman field, barrier potential, and other perturbations, the scenario illustrated in Fig. 7C should be a matter of serious concern for identifying the ZBCPs in the existing tunneling conductance data with topological MZMs [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] [25] . In this case, not only do the trivial low-energy modes (a ps-ABS at each end) stick to zero energy over a wide range of Zeeman fields, chemical potential, and other external controllable parameters, as we show in the next section it is virtually impossible to differentiate the ps-ABSs from a "true" MZM in the topological phase using any conceivable local measurement including the measurement of two-terminal resonant charge transfer in the Coulomb blockade regime 20 . In general, if the effective potential in the semiconductor wire has variations of the order of the induced gap on length scales comparable to the Majorana localization length, the low-energy modes will correspond to a "Majorana chain" similar to the situation illustrated in Fig. 7C . Note that these MBSs can be associated with either one of the top occupied spin-split sub-bands. The dependence of the low-energy modes associated with the partially overlapping MBSs on the inhomogeneous potential is shown in Fig. 8 . For short-range potentials, δ V L, the parameters of the calculation (Γ = 1.75∆ and |µ| = 2∆) correspond to the topologically trivial regime. Increasing the characteristic length scale δ V of the potential inhomogeneity stabilizes these low-energy modes (panel B) as a result of increasing the spatial separation between the MBSs. For large-enough values of δ V , effectively zero-energy modes emerge in both the topological (orange/dark gray) and trivial (yellow/light gray) regimes (panel C).
V. SINGLE LEAD CHARGE TUNNELING AND TELEPORTATION
Given the ubiquity of stable low-energy modes associated with ps-ABSs in SM-SC heterostructures with spinorbit coupling and Zeeman fields, the following key question arises: how can one distinguish experimentally be- tween ps-ABSs, which are robust near-zero energy excitations emerging in the trivial regime (Γ < Γ c ), and spatially well separated, non-degenerate, MZMs associated with the topological phase Γ > Γ c ? We find that psABSs emerging in the trivial phase are indistinguishable from topological MZMs, if we use localized conductance measurements. As shown in Fig. 9 , the local density of states (LDOS) has a pronounced peak at zero energy in both the topological regime (orange) with a single MZM localized near each end, as well as in the topologically trivial regime (yellow) with a pair of ps-ABSs near each end (Fig. 7C) . Note that the energy splittings associated with these modes are exponentially protected with increasing wire length in both the trivial and topological regimes, as shown in the bottom panel. The energy splittings in the topologically trivial phase are exponentially suppressed in the length of the wire only when the length scale of the potential fluctuation is also given by the length of the wire L. In Fig.10 (A) we show the differential conductance dI/dV for a single-lead set up similar to that in Ref.
14 . The expected signature of MZMs located at the ends of the wire is a zero bias conductance peak, which results from resonant local Andreev tunneling. However, the zero bias peak actually extends smoothly into the topologically trivial regime (yellow) with robust ps-ABSs at each end generated by a long length scale potential inho- 
mogeneity.
More recently, experiments on SM-SC heterostructures have been carried out in the Coulomb blockade regime 20 , where charging energy discriminates between states with different numbers of electrons and resonant Andreev tunneling is suppressed, allowing the coherent transport of a single electron via the complex fermionic mode ψ † = γ 1 + iγ 2 composed out of the MZMs localized near the ends. This process, sometimes called "teleportation" 30, 54, 63 , is observable as a zero bias conductance peak periodic in the gate-induced charge N g with a period e 20,31 . In Fig. 10 (B) we show the differential conductance as a function of bias potential and regimes. These peaks are suppressed at zero energy crossings in the spectrum. (C) Two-lead "teleportation" differential conductance as a function of bias potential at Γ = 4∆, showing exponential suppression with length of the wire. In this figure, all conductance calculations were performed for a chain at a temperature T ≈ 20mK, with the values of the other parameters given in Fig. 6 Zeeman field for a two-lead set up (Fig. 5) in the Coulomb blockade regime. We incorporate the effects of the charging energy E g by suppressing the anomalous tunneling (Andreev) processes at the lead-superconductor interfaces. In the topological regime, the remaining MZMassisted charge tunneling process between the two metallic leads is expected to represent the "teleportation" amplitude. In Fig. 10 (C) , we show the exponential falloff of the zero bias conductance peak in the Coulomb blockade regime for Zeeman splitting corresponding to the topological regime. This behavior is due to the exponential suppression of the wave function overlap between the MZMs in the topological phase. However, we find a similar exponential fall off in the topologically trivial regime with robust ps-Andreev states due to potential fluctuations. In Fig. 10 ( B) , we show that well-defined zero bias peaks resulting from a two-lead set-up actually exist in both the topologically trivial (yellow) and nontrivial (orange) regimes in the presence of ps-ABSs with long length scale potential inhomogeneity in the SM.
VI. TWO-TERMINAL CHARGE TUNNELING: DISENTANGLING MZMS FROM PARTIALLY SEPARATED ABSS
As seen above, the ps-ABSs are a generic low-energy feature of spin-orbit coupled SM-SC heterostructures in the presence of a (suitably directed) Zeeman field. Local measurements (e.g., one-terminal charge or spin tunneling) cannot distinguish between them and non-Abelian MZMs. The ps-ABSs, on the other hand, cannot be used to demonstrate non-Abelian statistics or to perform topological quantum operations, which require well separated MZMs localized at the ends of the wire. Below we show that the simplest and most straightforward way of discriminating between a ps-ABS and a topological MZM (i.e., Majorana zero modes which can be used in topological quantum computation) is to perform separate tunneling measurements at the two ends of the wire and look for correlations. We will show that the absence of correlations is indicative of the presence of ps-ABSs, while the presence of correlations is consistent with a topological MZM.
Our proposed experiment to discriminate between psABSs and topological MZMs involves collecting two sets of data. The first data set records the differential conductance spectra at the left end of the wire by applying a bias potential to the left lead, with the superconductor grounded and the right lead isolated. The second data set consists of the differential conductance spectra at the right end by applying a bias potential to the right lead, with the superconductor again grounded and the left lead isolated. The tunneling potentials (as well as all other gate potentials) are kept fixed throughout the measurement for straightforward comparison between the two sets of data. With ps-ABSs created by non-homogeneous potentials (the case of lead-quantum dot-proximitized nanowire hybrid structure 21, 49, 50 is analogous), we show below that comparing the left and the right differential conductances, (dI/dV ) L and (dI/dV ) R , provides essential information about the bulk state of the wire, allowing us to discriminate between ps-ABSs and topological MZMs.
Real nanowires are 3D systems and the electrostatic potential inside the wire is a position-dependent function V (x, y, z). We note that, in general, the position dependence of V is determined by the work function difference between the semiconductor and the superconductor, applied gate potentials, and non-homogeneous charge distributions.
By self-consistently solving a three-dimensional Schrodinger-Poisson equation it can be shown that the inhomogeneous potentials in the proximitized nanowire can survive electron-electron interaction and associated screening effects at least in low occupancy wires with 1-3 occupied bands. 61 However, even in the absence of potential inhomogeneities in highly clean ballistic nanowires, the general ideas involving ps-ABSs and utility of two-terminal charge tunneling experiments are more generally valid, as should be clear from the discussion of lead-quantum dot-proximitized nanowire heterostructure 21, 49, 50 in Sec. III. Focusing, for simplicity, on a specific confinementinduced band described (approximately) by the transverse wave-function ψ n (y, z), we can define a onedimensional effective potential as
where the matrix element involves a double integral over the transverse coordinates y, z. For the purpose of this paper, we use a simplified 1D model and assume that the effective potential has one of the profiles shown in Fig.  11 . Note that the maximum variation of V eff along the proximitized segment of the wire (i.e., not including the tunnel barriers) is about 1 meV. In Fig 12 and Fig. 13 we show the calculated BdG spectra of the proximitized nanowire with the inhomogeneous effective potential profiles given in the top and the bottom panels of Fig. 11 , respectively. The lowest energy states (red lines in "critical field" at which the (nearly) zero-energy mode emerges depends weakly on the chemical potential over a range of about 1 meV. This behavior is clearly inconsistent with having a topological quantum phase transition (and the emergence of topological MZMs separated by the wire length L) in a homogeneous system, where, in weak coupling, the "critical" Zeeman field Γ c is given by Γ c = ∆ 2 ind + µ 2 , and is thus strongly dependent on the chemical potential. Furthermore, the presence of additional low-energy sub-gap modes (for certain values of the chemical potential) represents another indication that the system is non-homogeneous. Nonetheless, the lowest energy mode looks extremely robust, based on how strongly it "sticks" to zero energy, and is thus for all practical purposes indistinguishable from a topological MZM. Hence, the key question is, does this mode represent a pair of "true" MZMs localized at the ends of the wire or a pair of ps-ABSs in the topologically trivial phase ? To answer this question, we determine the differential conductance for charge tunneling into the two ends of the wire and compare them looking for signs of correlations.
Before we compare the tunneling spectra in the left (L) and the right (R) leads for parameter sets marked by the numbers "1, 3", and "2" in Fig. 12 and Fig. 13 , respectively, let us note that in a non-homogeneous system, the general condition for having MZMs localized at the ends of the wire is (roughly) that the maximum of the effective potential variation (relative to the chemical potential) be smaller than the Zeeman splitting (which has to satisfy the topological condition everywhere). In principle, there is always a magnetic field large enough to satisfy this requirement, but this value can be practically irrelevant (e.g., if it leads to the collapse of the bulk SC gap). Nonetheless, if the "effectively homogeneous" condition is realized for Zeeman fields Γ > Γ * , the L and the R spectra are in general uncorrelated for Γ < Γ * , while showing correlated features for Zeeman fields larger than Γ = Γ * . Note that the value of Γ * (which depends on the variation of the effective potential relative to the chemical potential) can be changed using a back gate potential that generates an overall shift of V eff with respect to µ.
In Fig. 14 , the top two panels correspond to a chemical potential µ = −1.4∆ (see Fig. 12 ), which implies a maximum amplitude of the effective potential V eff (x) − µ (over the proximitized segment of the wire) of about 2.6∆ = 0.65 meV. Hence, for Γ < Γ * ≈ 0.65 meV the system is "effectively homogeneous" and one expects correlated features. Indeed, from Fig. 14 one can infer the existence of correlated features (i.e., a robust ZBCP and a couple of splitting oscillations) for Zeeman field above roughly 0.5 meV. Note that the low-energy mode that has a minimum gap for Γ ≈ 0.45 meV (see Fig. 12 ) is only visible from the left end.
The middle two panels in Fig. 14 correspond to a chemical potential µ = −1.2∆ (see Fig. 13 ), hence Γ * ≈ 0.7 meV. For Γ > Γ * one can clearly see correlated features, while at lower values of the Zeeman splitting the left and the right spectra are uncorrelated. Finally, for the lower two panels we have µ = −4.3∆ (see Fig.  12 ), which corresponds to Γ * ≈ 1.1 meV. No correlation can be observed in the spectra. The MBSs responsible for the oscillatory low-energy mode are localized on the left side of the wire (one near the left end of the wire, which produces the trace marked '3L' in Fig. 14 , and the other further inside). The Andreev bound state that crosses zero energy at γ ≈ 0.9 meV (see Fig. 12 ) is localized inside the smaller potential minimum near the right end of the wire (see Fig. 11 ) and is only visible from the right end (see the trace marked '3R' in Fig. 14 .
We conclude that homogeneous (or effectively homogeneous) systems with a topological MZM localized at each end of the wire will be characterized by correlated differential conduction spectra, including energy splittings, critical fields associated with the emergence of ZBCPs, and even finite energy features (in highly homogeneous systems). Such features are completely uncorrelated, however, if the ZBCPs are due to ps-ABSs. These conclusions remain valid even if the ps-ABSs arise in a lead-quantum dot-nanowire set up ues of the differential conductance at the two ends. Of course, adjusting the potential barriers can help obtain similar visibilities for the left and right spectra as well.
VII. SUMMARY AND CONCLUSION
We have shown that the concept of partially separated Andreev bound states (ps-ABSs) is useful in acquiring physical insight into the low-energy physics of semiconductor-superconductor hybrid structures and interpreting the experimental results. This concept interpolates continuously between the "garden variety" ABS, which consists of two MBSs that overlap strongly in space, and the topological MZMs, which are separated by a distance given by the length of the wire (L). Strong spatial overlap between the constituent MBSs χ A and χ B implies that the energy of the corresponding standard ABS, as well as the corresponding signature in a tunneling conductance experiment, are extremely sensitive to the control parameters, e.g., Zeeman field, chemical potential, induced gap, and the height of the tunnel barrier. By contrast, topological MZMs separated by a distance ∼ L >> ξ (L being the length of the wire and ξ the characteristic Majorana decay length) are characterized by an (exponentially) small energy splitting and a quantized ZBCP that are extremely robust to perturbations. The ps-ABS interpolates smoothly between these two cases, but occurs on the topologically trivial side of the TQPT. The ps-ABS corresponds to a pair of weakly coupled MBSs (with a spatial separation between χ A and χ B of the order of ξ or larger), which results in a robust low-energy mode that "sticks" to near-zero-energy in an extended range of Zeeman field (and other control parameters) and generates quantized ZBCPs similar to the "genuine" Majorana zero modes (MZMs) localized at the ends of the wire.
The standard "garden variety" zero-energy Andreev resonance can be easily distinguished from MZMs by examining its stability to controllable external parameters (e.g., Zeeman field). By contrast, the possibility of the occurrence of robust near-zero-energy ps-ABS in an extended range of Zeeman field (Fig. 2 lower panel and Fig. 6 lower panel) in the topologically trivial phase (i.e., Γ < Γ c where Γ c corresponds to the bulk gap minimum), should give one a serious pause when interpreting the zero bias conductance peaks ubiquitously present in the existing tunneling conductance data [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] [25] in terms of topological MZMs. We illustrate the possible ps-ABS scenario by considering two relevant experimental SM-SC heterostructures, a lead-quantum dotnanowire-superconductor junction 21,49,50 and a SM-SC set-up with long length scale potential variations in the proximitized nanowire. 51 In these calculations, the trivial low-energy ps-ABSs not only stick to near-zero energy over a wide range of Zeeman fields in the topologically trivial phase, but they are also equally robust against the variations of other controllable parameters, such as barrier height, chemical potential, and the induced superconducting gap, much as the topological MZMs in the topologically non-trivial phase. In addition, these ps-ABSs generate quantized zero-bias conductance peaks (ZBCPs) that are indistinguishable from the correspond-ing signatures of genuine MZMs. In a recent theoretical work, 50 it was claimed that the ZBCP due to ABS in the topologically trivial phase of the lead-quantum dot-nanowire-superconductor heterostructure is not robust against variation in the potential in the quantum dot and can have a quantized value only accidentally. These properties could be used to discriminate between low energy ABS and MZMs in this type of hybrid systems. However, we show that, in general, ps-ABSs with constituent MBSs partially separated are possible even in quantum dot-proximitized wire systems. This type of trivial low-energy modes cannot be distinguished from true MZMs using any type of local measurement at the end of the wire. In particular, a tunneling measurement at the end of the wire results in a quantized zero bias conductance plateau insensitive to variations in the external parameters.
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In light of these results we conclude that the observation of robust ZBCPs, even a ZBCP that has the "expected" quantized value of 2e
2 /h at low temperature, or the observation of a zero-bias "teleportation" peak consistent with an exponential decay of the energy splitting do not represent unique signatures of topologically protected MZMs, because similar signatures can also appear in the effectively topologically trivial phase in the presence of ps-ABSs. The ps-ABSs, on the other hand, cannot be used to demonstrate non-Abelian statistics or to perform topological quantum operations, which require well separated MZMs localized at the ends of the wire. We have shown that, in the absence of an interferometric measurement, the simplest and most straightforward way of discriminating between ps-ABSs and topological MZMs (where by "topological MZMs" we mean Majorana zero modes that are localized at the ends of the wire and can be used in TQC) is to perform separate tunneling measurements at the two ends of the wire and look for correlations. The absence of correlations is indicative of ps-ABSs, while the presence of correlations is consistent with topological MZMs. We note that the only possibility of getting a "false signal" is when identical quantum dots are present at both ends of the wire, or when the long length scale potential variations are reflection symmetric about a plane perpendicular to the wire. However, in this case the correlations are not robust against local variations of the control parameters (e.g., the gate voltage at one end of the wire).
